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IMPROVED BOUNDS IN WEAVER AND FEICHTINGER 

CONJECTURES 

MARGIN BOWNIK, PETE CASAZZA, ADAM W. MARCUS, AND DARRIN SPEEGLE 


Abstract. We sharpen the constant in the KS 2 conjecture of Weaver m that was given 
by Marcus, Spielman, and Srivastava [28] in their solution of the Kadison-Singer problem. 
We then apply this result to prove optimal asymptotic bounds on the size of partitions in 
the Eeichtinger conjecture. 


1. Introduction 

The goal of this paper is to explore some consequences of the recent resolution |28] of 
the Kadison-Singer problem [26]. The Kadison-Singer problem was known to be equivalent 
to a large number of problems in analysis such as the Anderson Paving Conjecture mu 
S], Bourgain-Tzafriri Restricted Invertibility Conjecture [S [101 E], Akemann-Anderson 
Projection Paving Conjecture |T], Feichtinger Conjecture nangE], Re Conjecture [T9] , 
and Weaver Conjecture [31]. For an extensive study of problems equivalent to the Kadison- 
Singer problem we refer to [ISIDEE]. Consequently, the breakthrough resolution of the 
Weaver Conjecture [31] by Marcus, Spielman, and Srivastava [23] automatically validates all 
of these conjectures. At the same time, it raises the question of hnding optimal quantitive 
bounds in these problems. 

In this paper we shall concentrate on showing quantitative bounds in Weaver and Fe¬ 
ichtinger Conjectures. The hrst part of the paper focuses on improving bounds to the 
conjecture of Weaver known as KS 2 - The proof of the KS 2 conjecture relies on the following 
result [231 Theorem 1.4]. 

Theorem 1.1 (Marcus-Spielman-Srivastava). If e > 0 and Vi,... ,Vm are independent ran¬ 
dom vectors in C'^ with finite support such that 

m 

[viV*] = I and E [||nj||^] < e 

i=l 


for all i, then 


P 


E 

2=1 




< (1 + > 0. 


We show the following sharpening of Theorem 11.11 
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Theorem 1.2. If 0 < e < 1/2 and vi,... ,Vm are independent random vectors in C'^ with 
support of size 2 such that 

m 

(1.1) ~ I ^ 

i=l 

for all i, then 


(1.2) P 

Theorem 11.21 leads to improved bounds in the conjecture of Weaver known as KS 2 . Corol¬ 
lary 11.31 improves the original methods of [28] that yield the same result albeit for constants 
r]> (2 + v^)2 ^ 11.6569. 

Corollary 1.3. For every rj > A, there exist 0 > 0 such that the following holds. Let 
Ml,..., Um e C'^ be such that ||Mj|| < 1 for all i and 

m 

(1.3) = r; forall\\u\\ = l. 

i=\ 

Then there exists a partition of [m] := {1,... ,rn} into sets I\ and I 2 so that for k = 1,2, 

(1.4) '^2\{u,Ui)\‘^ < rj — 6 for all \\u\\ = 1. 

islk 

In the second part of the paper we shall deduce quantitative bounds for the Feichtinger 
conjecture. As a consequence of Corollary 11.31 we show that any Parseval frame {vi}i^i C TL 
(or more generally a Bessel sequence with bound 1) with norms ||Mi|l > e, where e > \/3/2, 
can be decomposed into two Riesz sequences. We also show the following asymptotic estimate 
on the size of the partition as £ approaches to 0. 

Theorem 1.4. Suppose {vi}i^i is a Bessel sequence for a separable Hilbert space Ti with 
bound 1 that consists of vectors of norms ||Mj|| > e, where £ > 0. Then there exists a 
universal constant C > 0, such that I can be partitioned into r < Cfe^ subsets h,... ,Ir, 
such that each subfamily j = 1,... ,r, is a Riesz sequence. 

It is easy to see that Theorem 11.41 gives the optimal asymptotic behavior on the size r of 
the partition. Indeed, it suffices to consider the union of r = [1/^^J copies of an orthogonal 
basis of H scaled by a factor e. This yields a Bessel sequence with bound 1 that can not be 
partitioned into fewer than r Riesz sequences. 



1.1. Review of Marcus, Spielman, Srivastava. We give a brief review of the proof in 
[25] to provide some context for the statement of our main technical theorem. See Section H] 
for a more detailed discussion. 

The results in [25] use a construction introduced by the same authors in [27] that they 
called an interlacing family of polynomials. In [27], they showed that each interlacing family 
constructed from a collection of polynomials {pi\ provides a polynomial p* with the following 
properties: 

(1) p* has all real roots, 

(2) maxroot(p*) > maxroot(pj) for some j. 
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As a result, if one can bound the largest root of the associated p*, then one can assert that 
some polynomial in the collection has a largest root which satishes the same bound. 

In order to apply this to matrices, [28] uses characteristic polynomials. They consider 
certain convex combinations of these polynomials, which they call mixed characteristic poly¬ 
nomials. To bound the largest root of the mixed characteristic polynomial, they dehne a 
process on multivariate polynomials which starts at a determinantal polynomial and ends at 
a polynomial which is a multivariate version of the mixed characteristic polynomial. They 
use what they call a barrier function to maintain an upper bound on the size of the largest 
root as the process evolves. 

The bound that was proved in [28] holds for mixed characteristic polynomials in general. 
In the hrst part of this paper, we consider the special case of when they are (at most) 
quadratic in each of its variables (corresponding to matrices of rank at most 2). Our main 
technical theorem is the following: 

Theorem 1.5. Suppose Ai, ... ,Am are d x d Hermitian positive semidefinite matrices of 
rank at most 2 satisfying 

m 

Aj = I and Tr(Aj) < e < 1/2 for all i. 

i=l 

Then the largest root of the polynomial 
(1.5) ^fjl-ay,jdet 

is at most 1 + 2^/e\/l — e. 

This is an improvement over the value of (1 + \/e)^ in [^ Theorem 5.1], but only in the 
case of rank 2 matrices. The proof follows the general outline in [28], but employs tighter 
inequalities that exploit the bounded rank of the matrices in (II.5p . Our main analytic tool 
will be the mixed discriminant., a multilinear generalization of the determinant function. In 
Section |2] we will review the properties of the mixed discriminant that we will need in later 
sections. Some of these properties are well known (see, for example EES]), but for the 
beneht of the reader we will try to make the presentation self-contained. 

1.2. Organization. The paper is organized as follows. In Section [2] we present some elemen¬ 
tary properties of mixed discriminants and then in Section |3] we show how these properties 
can be used to establish bounds on the barrier function discussed in the previous section. 
Section m in particular, contains the proofs of Theorem 11.21 Corollary 11.31 and Theorem 11.51 

In Sections [5] and [6] we apply Theorems 11.11 and 11.21 to get quantitative bounds in frame 
theory. Section [5] contains the results from frame theory that show the interlinking properties 
of complementary subsets of a Parseval frame. In Section [6] we use the results in the previous 
sections to explore implications in frame theory. In particular, we prove Theorem 11.41 and 
some of its variants such as the conjecture and Bourgain-Tzafriri conjecture. Our focus 
here will be in optimizing the bounds that follow from the results of the previous sections. 
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2. Mixed discriminant and properties 


Let Sd denote the symmetric group on d elements. Given d x d matrices Xi,, Xd and 
a permutation a G Sd, let , Xd) be the matrix with 

eolj ..., X^)] eolj 

where colj denotes the “jth column” function. Xg. can be seen as a “mixture” of its input 
matrices since each of its columns comes from a different input matrix. 

Definition 2.1. The mixed discriminant of Xi,..., Xd is the quantity 

D (Xi,... ,X,) = det [X.(Xi,... ,X,)]. 

CT&Sd 

Remark 2.2. Note that our dehnition of the mixed discriminant differs by a factor of d\ from 
many other treatments (including [7]), corresponding to an average over Sd rather than a 
sum. The literature is far from standard in this respect, and our reason for taking this 
normalization is that it will simplify a number of the formulas we will use. 

To ease notation slightly, given a matrix X, we will write X[k] to denote a vector that 
repeats X k times. The following two examples follow directly from Dehnition 12.11 

Example 2.3. For X a. d x d matrix, 

D {X[d]) = D (X, X,..., X) = d! det [X]. 

Example 2.4. For any d x d matrix X, 

D(X,I[d- 1]) = (d- l)!Tr(X). 

It should be clear that D () is symmetric in its arguments (we will refer to this property 
as permutation invariance). One property of the mixed discriminant that gives it much of 
its versatility as an analytic tool is its multilinearity (linearity in each input matrix). Due 
to permutation invariance, it suffices to state this as linearity in the hrst coordinate. 

Lemma 2.5 (Multilinearity). 

D{aA + hB,X 2 ,...,Xd) = aD {A.X^,... ,Xd)+ hD (5, X 2 ,..., X^) 

Proof. It suffices to show that 

det [Y^iaA + 65, X 2 ,..., X^)] = a det [Y^{A, X 2 ,..., X^)] + 6 det [X.(5, X 2 ,..., X,)] 

for each permutation a as then the same holds for the sum. However, this follows easily 
from the dehnition and the linearity of the determinant with respect to columns: 

det [ au + bv \ X 2 \ ... \ Xd ] = a det [ m | X 2 | ... \ Xd ] + b det [ F | T 2 | ... \ Xd ] 

since exactly one column of Y„ comes from any one of its inputs. □ 

One useful corollary of multilinearity is that the mixed discriminant has an expansion 
similar to the binary expansion 

(a + b)^ = 

i ^ ' 

Starting with Example 12.31 and iterating Lemma 12.51 gives an analogous formula: 
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Example 2.6. 


d\ det [xA + yB] = D {{xA + yB)[d\) = f . ^x^y^ {A[i], B[d — i]). 


Mixed discriminants also have useful multiplicative properties, which are not as easily 
inferred from Dehnition 12.11 For this reason, we hnd it worthwhile to derive an equivalent 
characterization (which one often sees given as the primary dehnition). 

Lemma 2.7. For d x d matrices Xi,..., X^, we have 


D{X,,...,Xd) = 


dd 


dti... dtd 


det 




2=1 


Proof. Note that det is a homogeneous degree d polynomial. By the linearity of 

the determinant with respect to columns we have 

d ~\ d d 

ti^ det [coll [XiJ I... Icolrf [XjJ]. 

*1=1 *ti=i 


det 


Since 


^ = 1 

_ 11 if (ii,..., Zrf) is a permutation of [d]. 


dti... dtd I 0 otherwise, 

the partial derivative will pick up only terms corresponding to a permutation of [d]. 

Hence, 


Qd 


det 




2 = 1 


det [coll [X.(i)] I... |col, [X.(rf)]] = D (Xi,..., Xrf) 

(T&Sd 


dti... dtd 

as required. □ 

The characterization in Lemma 12.71 is often easier to work with than Dehnition 12.11 This 
is evident in the following example: 

Example 2.8. Let Xi,..., Xd he d x d matrices and v a vector such that XkV = 0 for all k. 
Then 

D{Xi,...,Xd)=0 

Expressing higher rank matrices as sums of rank 1 matrices can often simplify proofs 
considerably. In such cases, the following lemma is quite useful: 

Lemma 2.9. If d x d matrices Xi,... ,Xd have rank 1, then 

d 


D(.Yi,...,A'j) = det 


E-’f- 


2=1 


Proof. Let Xj = UiV*. We hrst note that if Vi = Vj or Ui = Uj for any i 7 ^ j, then 
would have rank less than d. Hence by Example 12.81 we have 

d 


D{Xi,...,Xd) = det 


J2px, 


. i=l 


= 0. 


5 






















So assume that vectors Ui (and, separately, vectors Vi) are distinct. By Example 12.31 we have 


det 


2=1 


-D\ ) [<i|) 


^h^il ) • • • ) ^id^id 


) 


. i=l 


n=l *d=l 


where any term with two indices ij = ik contributes 0 (for the reason mentioned above). 
Hence the only contributing terms happen if (H,..., id) is a permutation of [d] and there are 
d\ of these. Furthermore, each of these gives the same contribution, since D () is symmetric 
in its arguments. Hence, we have 


det 




I M I = ^ • • • > ^dVd) . 


□ 


The next lemma is an extension of the familiar multiplication identity of the determinant 
det [AB] = det [H] det [B]. 

Lemma 2.10 (Multiplication). For d x d matrices Xi, ..., X^, hi,..., Yd, we have 
D {X^, ...,Xd)D{Y,,...,Yd)=Y,D (XiH^d),..., XdY^^d)) 

TT&Sd 

Proof. Using the characterization in Lemma 12.71 we can write 


D{X,,...,Xd)D{Y,,...,Yd) = 


dd 


Qd 


(dti)... (dtd) (dsi)... (dsd) 

dd Qd 


det 


det 


tiXi 


det 




2=1 J L^=i 
d d 

.1=1 j=i 


□ 


(dti )... (dtd) (dsi)... (dsd) 

Expanding the determinant using multilinearity will result in a homogeneous polynomial of 
degree 2d in the variables Si,..., s^, fi,..., where each term will be of the form 

D ..., Xi^Yj^) ... tj^. 

The lemma then follows by noticing that the coefficients D (Xiyjr(i),... ,XdYT^(^d)) for some 
permutation tt are exactly the ones that will remain after the differentiations. 

The following examples are basic applications of Lemma 12.101 

Example 2.11. 

d\ det [H] D (Xi, ...,Xd) = D {A[d]) D{X,,...,Xd) 

= d\D (HXi,..., AXd) = d\D (XiH,..., XdA ). 

Example 2.12. 

D (H, I[d - 1]) D (Xi, X 2 ,..., Xd) = {d-l)\(^D (HXi, X 2 ,..., X,) 

+ D (Xi,HX 2 , ...,Xd) + --- + D (Xi,X 2 ,... ,HX,) 

We now extend Dehnition 12.11 slightly so as to ease notation even further. 
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Definition 2.13. For d x d matrices Xi,..., where k < d, we will write 




D{Xi,...,Xk,I[d-k]) 

{d-k)\ 


where I is the d x d identity matrix. 


In particular, note that D () and D () are equivalent when there are d matrices and that 
D ( 0 ) = 1. Using Example 12.1 H and Example 12. 12l above. we get the following two corollaries: 


Corollary 2.14. Let A, Xi,..., X^ be d x d matrices with k < d and with A positive semi- 
definite. Then 

b (AXi,.. ., AXk) = b , A^I'^XkA^I'^) . 

Proof. 

b {AX,,..., AXb = {AX,,..., AXk, l[d - k]) 

= det d {A^/^X„ ..., A^/^Xk, A-^/H[d - k]) 

= —^D {A^/^X,A^/fi ..., A-^/HA^/^[d - k]) 

id — fC )! 

= b{A^/^X,A^/fi...,A^/^XkA^/^) 

□ 


Corollary 2.15. If A, X,,..., X^ are d x d matrices with k < d, then 
b (A) b {X[k]) = kb {AX, X[k - 1]) + D {A,x[k]). 

Proof. By definition, 

D (A) D (A' W) = O (A, Il<i - 1|) D (A|fc], Il<i - *:]) 

and note that there are k{d— 1)! permutations vr where 7r(l) < k and {d — k){d— 1)! others. 
So by Lemma [2.101 we have 

D {A, l[d -l])D {X[k],l[d - k]) = k{d - 1)\D {AX, X[k - 1], I[d - k]) 

+ {d-k){d- ly.D (A, x[k],i[d-k- 1]) 

and combining the two gives 

b(A) b (A|i]) = (AX.X[k - l].I[d - i]) 

+ (db-l)P X[kil[d-k-l]) 

= kb {AX,X[k - 1]) + D {A, X[k]) 

as claimed. □ 


Lastly, we will require two straightforward inequalities: 















Lemma 2.16 (Positivity). If Xi,..., Xk are dxd positive semidefinite matrices with k < d, 
then 

D{X,,...,Xk)>0. 

Proof. Note that it suffices to prove this when k = d since 

D(X^,...,Xk) = j^^D{X,,...,Xk,l[d-k]) 

and so the left hand side is nonnegative exactly when the right hand side is. However the 
case when Xi,, Xd have rank 1 follows from Lemma 1?^ and then the general case follows 
by multilinearity. □ 

The following fact is a special case of a result due to Artstein-Avidan, Florentin, and 
Ostrover [HI Theorem 1.1], 

Lemma 2.17. If A and B are dxd positive semidefinite matrices with d>2, then 

D{A)D{B) > D{A,B). 

Proof. By Lemma [2. 101 we have 

((d - ly.fD (A) b{B) = D {A, l[d -l])D (H, I[d - 1]) 

= {d- ly.D {AB, I[d -l]) + {d\-{d- 1)\)D (A, 5, l[d - 2]) 

= {{d - 1)!)2 Tr(AH) + {d - l){d - 1)\D (A, 5,1[d - 2]) 

= ((d - 1)!)2 Tr(AH) + ((d - ly.yn (A, B). 

Rearranging gives 

b (A) b{B)-b (A, B) = Tr(AR) 

which is nonnegative whenever A and B are positive semidehnite. □ 

Finally, we would like to mention a recent characterization of mixed discriminants by 
Florentin, Milman, and Schneider [211 Theorem 2], Up to a multiplicative constant, the 
mixed discriminant is the unique function on d-tuples of positive semidehnite matrices that 
is multilinear, non-negative, and which is zero if two of its arguments are proportional 
matrices of rank one. 


3. Application to polynomials 

Let H C C = {z : A(z) > 0} (where A denotes the “imaginary part”). A polynomial 
p G C[xi,... ,Xm] is called stable if ^ G H™' implies p{y) 7 ^ 0. A polynomial is called real 
stable if it is stable and all of its coefficients are real. 

The connection between mixed discriminants and real stable polynomials can be derived 
from an incredibly useful result of Helton and Vinnikov [23]. Here, we will use an extension 
that specializes to our case of interest [H Corollary 6.7]: 

Theorem 3.1. Letp{x,y) be a degree d real stable polynomial. Then there exist dxd real 
symmetric matrices A, B, C such that 

p{x, y) = ± det [xA + yB + C]. 

Furthermore, A and B can be taken to be positive semidefinite. 






Remark 3.2. We should note that the representation via real symmetric matrices in Theo¬ 
rem 13.11 is actually quite a bit stronger than is needed for the results in this paper. For our 
purposes, it would suffice to have a representation using Hermitian matrices (a far weaker 
constraint, both theoretically and computationally, see |3U]). 

We would like to understand the behavior of a given real stable polynomial at a selected 
reference point z. Recall the following dehnition from [28] : 

Definition 3.3. Let Q{xi,... ,Xm) be a multivariate polynomial. We say that a reference 
point z G is above the roots of Q if 

(5(F-l-s)>0 for all s = (si,..., Sm) £ Si > 0, 

i.e., if Q is positive on the nonnegative orthant with origin at T. 

In the case that a reference point is above the roots of a polynomial, a more specihc version 
of Theorem 13.11 can be obtained. 

Corollary 3.4. Let p{x,y) be a degree d real stable polynomial with {xo,yo) above the roots 
ofp. Then there exist dx d real symmetric matrices A,B,C such that 

p{x, y) = det [xA + yB + C] 

and the following hold: 

• A and B are positive semidefinite 

• A + B is positive definite 

• M = xqA + pqB + C is positive definite 


Proof. Let 


p{x, y) = ± det [xA -\- yB + C] 


be the representation provided by Theorem 13.11 Now let 


q{t) = p(t, t) = ± det [t{A + B) + C]. 

Since p has (total) degree d, q must have degree d (in t) and so we must have det [A + B]fi^ 0. 
Given that A and B are each positive semidehnite, this ensures A + B is positive dehnite. 
Furthermore, since {xq, yo) is above the roots of p, we have q(t) > 0 for all for t > max{xo, yo]. 
Hence q must have a positive hrst coefficient, which means 


p(a:, y) = det [xA -{- yB + C]. 


Thus it remains to show that M = xqA + yoB -|- C is positive dehnite. To see this, consider 
the matrices 

= {xq + t)A + {yo -l- f)B -\- C. 

Since A + B is positive dehnite, Mt is positive dehnite for large enough t. Now note that for 
f > 0, we have 

det [Mt] = p{xo + t,yo + t) >0 

since (xq, yo) is above the roots of p. This implies that the minimum eigenvalue of Mt (which 
is a continuous function in t) remains above 0 for all t > 0, and so (in particular) M = Mq 
is positive dehnite. □ 
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For the remainder of the section, we will hx a degree d real stable polynomial p{x, y) and 
a reference point (xq, yo) above the roots of p. We also hx the matrices B, C provided by 
Corollary 13.41 and set M = xoA + yoB + C. Since M is positive dehnite, it has a well dehned 
square root, and so we can dehne the matrices 

Note that A and B are both positive semidehnite, since A, B and M are. 


Corollary 3.5. The matrices A and B defined above satisfy 

9* cF 


{dxY (dy)^ 


p{xo, Vo) = D[ A[i],B[j] p{xo, yo) 


for all i + j < d. 
Proof. Let 


d d—i 


A 


p{xo + e, I/O + 5) = --dj 

i=0 j=0 

be the Taylor expansion of a polynomial p of degree d. Our goal is to show that Cij = 
D ( A[if B[j] j p{xo, yo). By Example 12.31 we can write 


p{xo + 6, I/O + 5) — det [(xq + €.)A + (i/o + d)B + C] — ((-^ 5B) [d]) 

and using multilinearity, we have 

p{xo + 2/0 + <5) = ^ ^ ^ j ^ 1 ^ _ j) ^ ^ “ j]), 


i=0 j=0 


where is the multinomial coefficient Equating coefficients then gives 


Oj' 




d 


\D{A[i],B[3\,M[d-i-3]) 


d\ \i,j,d-i- 

rTTDiA[i\,B[j],M[d-i-j]). 


{d-i-j)\ 

By Corollary 12.141 we can factor out the M term to get 

— det [M] D (A[i],B\j],l[d - i - j]) = det [M] D ( A[if B\j] 


{d-t-j)\ 

which, since det [M] = p{xo,yo), is exactly the claimed result. □ 

Corollary 13.51 provides a way to associate the partial derivatives of a bivariate real stable 
polynomial at a point to a mixed discriminant involving the matrices in its determinantal 
representation. This, coupled with Corollary 13.41 will allow us to use properties of positive 
semidehnite matrices to derive inequalities for points above the roots of p. With this in 
mind, we will attempt to quantify the concept of being “above the roots”. For a polynomial 
q, we will consider the barrier function 

J ^ Vo) when (xq, yo) is above the roots of q 

oo otherwise 
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and defined similarly (except with the derivative in the y coordinate). In particnlar, we 
will be interested in the behavior of these fnnctions nnder transformations of q. The next 
lemma is a general resnlt in that direction: 

Lemma 3.6. Let R = Yhi'^idx ® differential operator with real coefficients {oj} such that 
q = R{p) and such that (xo,yo) is above the roots of both p and q. Then the following two 
statements are equivalent: 

( 1 ) t? < K? 

(2) Jf-iOiD {^A[i — 1],!/^ > 0, where L = is positive semidefinite. 

Proof. Using Corollary 13.51 we can write 

^ i 

so that 

^ ^ and ^ = Y1 (^[*0 ^ (^) ' 

^ i ^ i 

Now nsing Corollary 12.151 we have 

b d(^b^ =b B^ + ib (^A[i - 1], . 

By Corollary 13.41 both A and B are positive semidehnite, and so we can apply Corollary 12.141 
to get 

b (^A[i],AB^ = b 

where L = ATI‘^BA}I‘^ is positive semidehnite. Combining these gives 

= Y^a,{b B^-b ^ (5)) = - la^b (i[* - 1 ], l) . 

^ i i 

Therefore we can write 

“ - (3 ^ - - (f) E -114) 

where p/q is positive when (xo,i/o) is above the roots of both p and q. Hence 

— <I)p and — iajb (A[i — 1], 

i 

have the same sign, as reqnired. □ 


Using this machinery, we now prove two lemmas that will help ns exploit the qnadratic 
natnre of the polynomials. The hrst of these lemmas is a strengthening of [2S1 Lemma 5.11] 
in the case that the polynomial is qnadratic. 

Lemma 3.7. Assume p{x,y) is quadratic in x and let 











for some 6 G (1,2). Now let q{x,y) = (1 — dx)p(x + 6,y) and assume that {xo,yo) is above 
the roots of both p and q. Then 

H — P' 


Proof. We first write q as R{p) for a differential operator R. The shift by 6 can be translated 
into a differential operator nsing Taylor’s formnla: 


(3.1) 


f(x+t) = 

L • 

i 



Hence we can write 


q{x, y) = p{x + 5,y)- Px{x + 5, y) 

= + 5dx + p{x, y) - {dx + 5dl) p{x, y) 

= (^1 + (5 - l)dx + (y - P 

where all higher level derivatives can be discarded since p is qnadratic. Hence we can write 

q{x, y) = aop + aiPx + a 2 Pxx 


where oq = 1 and 
(3.2) 

Then Lemma [3.61 implies 


Oi = 5 — 1 and a 2 = —— 6. 


^y < (by 

<? — p 


if and only if 

(3.3) aiD + 2a2D (^A, l) > 0. 

Since L is positive semidehnite, D = 0 if and only if L is the 0 matrix. In this case, we 
wonld also have D {^A.,L^ = 0 and so fl3.3l) would hold trivially (thus finishing the proof). 
On the other hand, A D (l \ 7 ^ 0 then fl3.3p holds if and only if 


d(a,l) 

ai > - 202 — / > 0 . 

By Corollary 13.41 A and L are positive semidehnite, so by Lemma [2.171 we have the inequality 

D (^i, L^<D (i) d{l)=D [l) 

since D (H) = by Corollary 13.51 Now since 6 G (1, 2), we have Oi > 0 and 02 < 0, and so 
it suffices to show 

oi > -2a2^p. 

Plugging back in the values for oi and 02 from fl3.2|) gives 

5 - 1 > 5(2 - 5)$^ 
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which is precisely our initial hypothesis. 


□ 


In Section 14.11 we will use Lemma 13.71 to understand how the transformation from g to p 
changes the value of the barrier function $. To do so, however, we will need to ensure that the 
point {xq, Po) is above the roots of the resulting q (something that is not true in general). In 
pS] , this was addressed (for an appropriately chosen point {xo,yo)) using [2S1 Lemma 5.10]. 
Again we will need a strengthened version that takes advantage of the quadratic nature of 
our polynomials. 


Lemma 3.8. Let s be a quadratic, univariate polynomial with positive first coefficient and 
real roots a < b. Then 


/(x) = x- 


2s{x) 

s'{x) 


is a nonincreasing function for any x > b. 


Proof. We start by writing 


f{x) = 1 - -1 


s'{xfi 


s'{xy 


By Taylor’s formula, we have 


s{x + y) = s{x) + ys'{x) + ^s''{x) 

which is real-rooted (as a polynomial in y) and therefore by the quadratic formula we must 
have 

s'(a;)^ > 2s{x)s”{x) 

with equality if and only if s has a double root. Since s has positive first coefficient, both 
s(x) and s"{x) are nonnegative for x > b — we therefore have 

f{x) < 0 

with equality if and only if s has a double root. □ 


4. Proof of Theorem 11.21 

The purpose of this section is to prove Theorem 11.51 using the tools from Sections |2] and [3l 
Theorem 11.21 can then be deduced from Theorem 11.51 by the same argument as [281 Theorem 
1.4] (which we briefly review here). 

Given random vectors Vi,... ,Vm G C'’*, one can define the (random) matrix V = 
and its (random) characteristic polynomial 

Pv{x) = det [xl — V]. 

In the case that the random vectors {uj} are independent, the authors of [28] constructed 
a so-called interlacing family from the polynomials in the support of pv- As mentioned in 
Section 11.11 any such construction provides a polynomial p* with the following properties: 

(1) p* has all real roots, 

(2) P (maxroot(pv') < maxroot(p*)) > 0. 
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Since each pv is the characteristic polynomial of a positive semidehnite matrix, the largest 
root of Pv is the operator norm of V. Hence a conclusion like the one in Theorem 11.21 could 
be obtained by hnding an appropriate bound on maxroot(p*). 

In the case of the interlacing family constructed in |2B], the associated polynomial p* is 
the expected characteristic polynomial 


(4.1) 


p*(x) = E \pv{x)] = E 


det 


xl 


2_^ViVi 


As the hrst step in the process of bounding the largest root of p*, Marcus, Spielman, and 
Srivastava |2Sl Theorem 4.1] showed that fl4.ip could be written in a form they call a mixed 
characteristic polynomial. 


p*{x) = E 

det 

xl-^ViV* 

= (ni-s»/ 

det 

m ~| 



i 

\i=l / 


- 


where A* = E [viV*] for each i. By translating the restrictions on the Vi in the hypothesis of 
Theorem 11.21 to restrictions on the associated Aj, one can see that Theorem 11.51 is precisely 
the bound on the largest root of p* necessary for Theorem 11.21 

Once Theorem 11.21 is established, the deduction of Corollary 11.31 then follows the same 
proof as [28l Corollary 1.5]. For the beneht of the reader, we reproduce it here: 


Proof of Corollary \1.3[ For each i G [m] and /c = 1, 2, we dehne vectors Wi^k £ by 


Wi,i = 



Wi,2 = VVv 



Let Vi,... ,Vm be independent random vectors such that P {vi = Wi^k) = 1/2, fc = 1,2. A 
simple calculation using fll.3p shows that these vectors satisfy (11.ip with e = 2/p < 1/2. By 
Theorem 11.21 there exists an assignment of each Vi so that 


i=l 


2 

5^ Wi,kWlk 

k=l iGS'fe 


^ 1 + 2\/6\/1 — 6 , 


where Ik = {i '. Vi = Wi^k}- Hence, for fc = 1, 2, we have 


ieSk 


p 

2 


E 

ieSk 


Wi,kWiM 


<|(i + 2y£(i-£)) 


I + V2(,, - 2). 


This shows flLTp with 9 = p/2 - \/2{p - 2) > 0 (when p> A). 


□ 


4.1. Proof of Theorem 11.51 We hrst recall the formal dehnition of the harrier function 
from [28] : 


Definition 4.1. For a polynomial Q G C[a;i,... , 0 ;^] and a point y 
barrier function of Q at y to be the function 


we dehne the 


$ 


Q\ 




oo 


when y is above the roots of Q 
otherwise 
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This is an extension of the fnnction <h introdnced in the previons section to allow for 
different reference points and more variables (the coordinates x, y have been replaced by 
variables Xj, and only the snbscript i is used so as to reduce the clutter). 

Let e < 1/2 and set 

5 = 1 + ^ ^ and f = (1 — 2e) ^ ■ 

We start with a polynomial Qq and reference point Wq dehned as 


Qo 


det 




XiAi 


and Wq 


tl 


where 1 is the vector with d I’s. It is easy to check that wq is above the roots of Qo and 
that ^Q^{wo) < I for all j as in the proof of [28l Theorem 5.1]. 

Given Qi and Wi, we will construct polynomial Qi+i and reference point tCj+i as 

Qi+i = (1 - di+i)Qi and Wi+i = Wi + 6ei+i. 

Our goal is to show that tCj+i is above the roots of Qi+i. To do so, we will need to understand 
the effect of applying the (1 — di+i) operator on the polynomial Qi, for which we can use the 
barrier function 


Lemma 4.2. If Wi is above the roots of Qi and 



then Wi+i is above the roots o/Qj+i. 


Proof. Let s(x) be the univariate polynomial that comes from holding all variables of Qi 
other than the (i + l)st variable constant, i.e., s(x) = Qi(t + S,... ,t + S, x,t,... ,t). By the 
monotonicity of barrier functions [281 Lemma 5.8], it suffices to show that 

(4.2) s(t + 5) — s'(t + 5) > 0 


given that 




Note that equation (14. 2 h is equivalent to ^s(t + 5) < 1. By Lemma ESI we have 

2 . 2 


t — 




> t + 6 — 


<hs(f + 6 ) 


and so 


Thus it suffices to show 


which is equivalent to showing 


1 ^5 1 

<^s{t + S) - 2 + 


5 

2 


1 


> 1 


^s{t) < 


2 

2-5‘ 
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Plugging in the hypothesis, it suffices to show 


e 2 
t ^ 2-6 


which reduces to showing 


^/e^/T 


2e 


< 




when the given values of 6 and t are inserted. It is then easy to check that this holds for any 

e < 1/2. □ 

In order to use Lemma [4.21 we will need to bound the value of We will do this 

by showing that the transformation from {Qi, Wi) to (Qi+i, tCi+i) causes the barrier functions 
to shrink in all coordinates j > i + 1. Note that when moving from {Qi,Wi) to (Qj+i, tCj+i), 
we are altering only the Xj+i variable. Hence to see what happens to the barrier function in 
coordinate j > i + 1, we can restrict to those two coordinates (since the restriction of a real 
stable polynomial is a real stable polynomial) and appeal to Lemma 13.71 

Lemma 4.3. Let j be a coordinate such that i + 1 < j < m and 




^ e 
~ t 


Then 




t 


Proof. Lemma 14.21 ensures that tCj+i is above the roots of Qi+i and so it is sufficient (by 
Lemma [3?7|) to show 

1 




< 


1 


2 - 6 ' 


Using the hypothesis, this would be implied by showing 


< 1 - 


However one can easily check that 


y/ey/l - e 
l-2e 


6 2-6 


1 


2-6 


and so we are done. 


□ 


Iterating m times. Lemmas 14.21 and 14.31 ensure that Wm is above the roots of Qm, where 
Qm is exactly the polynomial in Equation fll.Sp before the variables are set to x. Further¬ 
more, Wm = {t + <^)1- Hence Wm being above the roots of Qm implies the largest root of 
Equation fll.Sp is at most 

t -|- 5 = 1 -|- 2\/e\/l — e 

as required for Theorem 11.51 
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Remark 4.4. The argument here is more delicate than the one given in [28]; this can be seen 
by comparing the statement of Lemma 13.71 to its analogous version [28l Lemma 5.11]. In 
[28] . any 5 that caused the barrier function to contract also resulted in tCj+i being above the 
roots of Qi+i (a fortiori). This is not the case here and is the reason that the additional 
hypothesis of being above the roots is necessary in Lemma 1X71 This also becomes 

evident when considering the space of values (5, t) for which Lemma 1^721 and Lemma 14751 hold. 
In [2H|, the constraint provided by [251 Lemma 5.11] was the only relevant one in determining 
the optimal values of 6 and t, whereas in our case both Lemma [3.71 and Lemma [3.81 provide 
nontrivial constraints. 


5. Naimark’s complements of frame partitions 


In this section we establish a result that links properties of two complementary subsets of 
a Parseval frame with the corresponding subsets of the Naimark’s complement. In general, 
a subset of a Parseval frame does not need to be a frame, and we can only expect it to be a 
Bessel sequence with bound 1. In Proposition 15.41 we show that if this subset has a Bessel 
bound strictly less than 1, then its corresponding Naimark’s complement subset is a Riesz 
sequence. 

It is rather surprising that Proposition 15.41 has not appeared in the frame theory literature 
before despite its simplicity and the elementary nature of its proof. However, it can be 
considered as a quantitative variant of the complementarity principle between spanning and 
linear independence due to Bodmann, Casazza, Paulsen, and Speegle [121 Proposition 2.3]. 
We start with basic conventions in frame theory [20] . 

Definition 5.1. A family of vectors {4>i}i£i in a Hilbert space RL is called a frame for Ri if 
there are constants 0 < A < B < oo (called lower and upper frame bounds, respectively) so 
that 

(5.1) A\\(j)f for all 77. 

iei 

If we only have the right hand inequality in fl5.1l) . we call {4>i}i£i a Bessel sequence with 
Bessel bound B. If A = B, {4>i}i£i is called a tight frame and if A = H = 1, it is called a 
Parseval frame. 


Definition 5.2. A family of vectors {(j)i}i^i in a Hilbert space 77 is a Riesz sequence if there 
are constants A, 77 > 0 so that for all {a*} G 7^(7) we have 

2 


(5.2) 






i&I 


i&I 


i&I 


We call A, B lower and upper Riesz bounds for 


Note that it suffices to verify fl5.2l) only for sequences {oj} with hnitely many non-zero 
coefficients, since a standard convergence argument yields the same bounds fl5.2p for all 
inhnitely supported sequences {oj} G 7^(7). In general we do not require that frame, Bessel, 
and Riesz bounds in Dehnitions 15.11 and 15.21 are optimal. In particular, a Bessel sequence 
with bound B is automatically a Bessel sequence with bound B' > B. 


Notation 5.3. Throughout the rest of the paper will denote an orthonormal basis for 

whatever space we are working in. 
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Proposition 5.4. Let P : —)■ ^^(4) be the orthogonal projection onto a closed subspace 

P C ^^(/). Then, for any subset J G I and 5 > 0, the following are eguivalent: 

(^) {Pe^} i^j is a Bessel seguence with bound 1 — 5, 

(n) {Pe.} is a frame with lower bound 6, 

(ui) {(I - P)e,} i^j is a Riesz seguence with lower bound 5, where I is the identity on 


Proof. Since {Pciji^i is a Parseval frame for P, we have 

(5.3) = + 1(0, Pej)p for all 0 G "H. 

ieJ i&J^ 

Thus, 

(5.4) 5^|(^,Pei)|"<(l-5)||^||= ^ ^|(^,Pei)|">5||.).f for all ^ e W. 

ieJ 


By fl5.3l) . the Bessel sequence {Pej}jgjo inherits the Bessel bound 1 as a subset of a Parseval 
frame. Thus, fl5.4|) shows the equivalence of (i) and (ii). 

To show the equivalence of (i) and (hi), note that for any sequence of coefficients {a,} G 

p(j). 


(5.5) 

Thus, 

(5.6) 


ieJ 


^ttiPci + - P) 


ieJ 


ieJ 


ieJ 


'^aiPci < (1 - 5) 


ieJ 


y^aj(I —P)ej > S 'y~^ |a. 


ieJ 


ieJ 


By fl5.5l) . the family {(I —P)ej}igj has automatically the Riesz upper bound 1. Observe that 
the inequality in left hand side of fl5.6p is equivalent to (i). This follows from the well-known 
fact that adjoint of the analysis operator 

T:P^f{I), T0 = {(0,Pe0},gj, 0 G P, 

is the synthesis operator 

T* : f{I) ^ P, T*({a,},gj) = J^a.Pe,, {a.^j G f{J). 

i&J 

Since ||T|| = ||T*||, fl5.6l) yields the equivalence of (i) and (hi). □ 


Remark 5.5. A curious reader might ask what condition needs to be imposed about {(I — 
to obtain the equivalence in Proposition 15.41 Surprisingly, this condition can not 
be easily stated in terms of Bessel, Riesz, or frame bounds. Instead, it is not difficult to 
show that the following restricted Riesz upper bound condition does the job: 

2 


(iv) 


5^(0,Pe0(I-P)e, 


<(l-5)5^|(0,Pe0p 


for all 0 G P. 


i&J<^ 


ieJ<^ 


Since this observation will not be used subsequently in the paper, we leave the verification 
of details to the reader. 


As an immediate consequence of Proposition 15.41 we have 
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Corollary 5.6. Let P : —)■ be the orthogonal projection onto a closed subspace 

P C ^^(/). Then, for any subset J C I and 5 > 0, the following are eguivalent: 

(^) {Pe,} i^j is a frame with frame bounds 6 and 1 — 5, 

(ti) {Pe,} igjc is a frame with frame bounds 6 and 1 — 5, 

(Hi) both {Pejjjgj and {-Pejjjgjc are Bessel seguences with bound 1 — 5, 

(iv) both {(I — P)ej}jgj and {(I — P)ei}jgjc are Riesz seguences with lower bound 5. 

Proof. Suppose that (iii) holds. Applying Proposition [AH simultaneously to Bessel sequences 
{Pcjjjgj and {Pej}jgjc yields the remaining properties (i), (ii), and (iv). Conversely, any of 
these properties implies (iii) in light of Proposition 15.4[ □ 

6 . Asymptotic bounds in Feichtinger Conjecture 

In this section we establish quantitative bounds in Feichtinger Conjecture. To achieve 
this we shall employ the results of the previous section and the landmark result of Marcus, 
Spielman, and Srivastava [2S1 Corollary 1.5]. In the language of Bessel sequences this result 
takes the following form, where Pn denotes n-dimensional real or complex Hilbert space 
or C"". 

Theorem 6.1. Let c Pn be a Bessel seguence with bound 1 and ||Mi|P < 5 for all 

i. Then for any positive integer r, there exists a partition {Ji,..., A} of [M] such that each 
J = 1) • • • *5 0 Bessel seguence with bound 



Remark 6.2. Note that the original formulation [2^ of Theorem 16.11 requires that {ui\)fi 
is Parseval frame. This can be relaxed since any Bessel sequence with bound 1 

can be extended to a Parseval frame by adding additional vectors satisfying \\Ui\f < 5 for 
i = M + 1,..., M, M > M. This is a consequence of the Schur-Horn Theorem [5l [13], see 
also the proof of Corollary 16.61 

Corollary 11.31 gives us a quantitative version of Weaver Conjecture KS 2 with sharper 
constants than those deducible from Theorem 16.II In particular, a simple rescaling of Corol¬ 
lary 11.31 combined with Remark 16.21 yields the following theorem, which we state for Bessel 
sequences. 

Theorem 6.3. Let 0 < 5o < 1/4 and Eq = 1/2 — ■\/25o(l — 25o). Suppose that ® 

Bessel seguence in Pn with Bessel bound 1 and that ||0j|p < 5o for all i. Then there exists 
a partition of [M] such that each j = 1,2, is a Bessel seguence with bound 

1 — Eq. 

Notation 6.4. Since the above constants might potentially be improved in the future, we 
shall keep 5o and Cq as base parameters that shall propagate to all remaining results in this 
section. Consequently, we shall £x the constants 5o and Eq as in Theorem 16.31 throughout 
this section. In particular, combining Corollary 15.61 with Theorem 16.31 yields the following 
result with the same constants 5o and eo. 

Corollary 6.5. Suppose that ® Parseval frame for Pn and ||0i|p > 1 — 5o for all 

i. Then there exists a partition {A, A} of [M] such that each 3 = 1)2, is a Riesz 

seguence with lower bound Eq. 
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Proof. By Naimark’s Theorem we can write 0* = Pe*, where P is an orthogonal projection of 
Hm onto n-dimensional subspace identihed with Tin- Applying Theorem 16.31 to {(I — 
yields a partition {Ji, I 2 } of [M] such that each {(I — P)ei}jg/^., j = 1, 2, is a Bessel sequence 
with bound 1 — £o- By Corollary 15.61 each {Pej}jgq., j = 1, 2, is a Riesz sequence with lower 
bound Eq. □ 

Next, we extend the validity of Corollary 16.51 to Bessel sequences. This requires a more 
sophisticated approach than what was outlined in Remark 16.21 

Corollary 6.6. Suppose that is a Bessel sequence with hound B for Pin and \\4>i\f > 

P(1 — 6q) for all i. Then there exists a partition of [M] such that each 

j = 1,2, is a Riesz sequence with lower hound Beq. 


Proof. Without loss of generality we can assume that the Bessel bound P = 1. Suppose that 
the frame operator of which is given by 

M 

S = 

i=\ 

has eigenvalues 1 > Ai > A 2 > ... > A„ > 0. For a hxed N, consider an operator S = 
I„+Ar — S' © Oiv on Pin+N = R-n ® PLn i where Oat is the zero operator on Pjy. Then, S has 
the following eigenvalues listed in decreasing order 


( 6 . 1 ) 


1, . . . , 1, 1 Pnt . . . , 1 A^. 


N 

Our goal is to hnd a collection of vectors {(l)M+i\f=i in Rn+N such that: 

(i) its frame operator is S, and 

(ii) ||0M+i|P = C for alH = 1,..., iC for some constant C G [1 — !]• 

By the Schur-Horn Theorem [Hl[I3] this is possible if and only if the sequence fl6.ip majorizes 



This, in turn, is implied by 

n 

(6.2) K>N + n and CAT = + ^(1 - A^). 

i=l 

By choosing sufficiently large N and K = N + n, we have that 


1 - ^0 < C' 


N +Er=i(i - A.) 

N + n 


< 1 . 


This shows the existence of vectors {(j)M+i}^i satisfying (i) and (ii). 

Now, is a Parseval frame for Rn+N such that ||0j|p > 1 —for ah i. By Corollary 

16.51 there exists a partition R, R of [M + K] such that each {Rjjg/^., j = 1,2, is a Riesz 
sequence with lower bound £o- Then, R = Ij n [M] is the required partition of [M]. □ 


We are now ready to show the asymptotic estimate on the size of a partition in the 
Feichtinger Conjecture. 
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Theorem 6.7. Suppose that {(j)i}f£i is a Bessel sequence with bound 1 for Tin and ||0i|p > 
£ > 0 for all i. Then there exists r = r{e) = 0{l/e) and a partition {/i,..., of [M] such 
that each j = 1,... ,r, is a Riesz sequence with lower bound eos. In addition, if 

||0j|P = £ for all i, then the upper Riesz bound of each {(j)i}i£ij is 

Proof. First, observe that without loss of generality we can assume that ||0i|p = £ for all 
i. Indeed, we can replace each by and then apply Theorem 16.71 to get the general 

case. 

By Theorem 16.II for each r we can find a partition {IjYj^i of [M] such that each 
is a Bessel sequence with bound 



Then we wish to apply Corollary 16.61 to each such This is possible if we choose r 

such that 

(6.3) \\4>i\\^ = £ > B{1 — (5o) = 


) (i-«. 


A simple calculation shows that the above inequality simplifies to 


2 



1 

+ ~ 
re 


< 


So 

1 — ^0 


Hence, it suffices to choose 


r > 


9 ( I-So 
e \ do 


2 


By Corollary 16.61 each can be partitioned into two 2 Riesz sequences with lower 

bound Bso > SoS and upper bound B < This gives the required partition of size 

r = 2r and completes the proof of Theorem 16.?! □ 


Remark 6.8. Note that choosing r so that fl6.3p is almost an equality yields the slightly 
better lower bound in the conclusion of Theorem 16.71 Moreover, since we can take 

any 5o < 1/4, we obtain an explicit estimate on the size of a partition r = r{e) < 162/e. 
Surely, the number 162 is far from sharp, but it merely gives a crude upper bound on optimal 
constant. 


6.1. Infinite dimensional results. Corollary 11.31 can be easily extended to the infinite 
dimensional setting using the “pinball principle” m Proposition 2.1], which we state here 
for the reader’s convenience. 


Theorem 6.9. Fix a natural number r and assume for every natural number n, we have a 
partition {IfjYi of [n]. Then there are natural numbers {ni < n 2 < ■ ■ ■} so that if j G 1^ 
for some i G [r], then j G for all k> j. For any i G [r] define R = {j : j G /f^}. Then, 

(i) {IiYi=i is a partition ofN. 

(a) If li = {ii < i2 < ■ ■ ■}! then for every natural number k we have {ji, j 2 , • • •, jfc} C JC''. 
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Theorem 6.10. Suppose {0j}jg7 is a Bessel sequence in a separable Hilbert space H with 
constant rj > A, which consists of vectors of norms ||0i|| < 1. That is, 

X] for all (fen. 

i&I 

Then there exists a constant 9 = 6 {rj) > 0, depending only on p > A, such that the index set 
I can be decomposed into subsets Ii and I 2 , so that the Bessel sequences j = 1,2, 

have bounds < p — 0 , i.e., 

X] |(0,0i)P <{V- ^)II0IP for all (feU, 3 = 1,2. 

i&ij 

Proof. Without loss of generality, we can assume that the index set I = N. For each n G N, 
the set is a Bessel sequence in Pi with Bessel bound p. By Theorem 16.31 for each n, 

there exists a partition of [n] such that for each j = 1, 2, is a Bessel sequence 

with bound p — 9. Let {/i, J 2 } be the partition of N obtained by applying Theorem 16.91 to 
the sequence of partitions For any j = 1,2, we write Ij = {ji < j 2 < ■ ■ ■ }• 

By Theorem I6.9f iii for any k E N, ..., 0^^,} is a Bessel sequence with bound p — 9. 
Since k E N is arbitrary, {0j : i E Ij} is & Bessel sequence with bound p — 9 for j = 1, 2, as 
desired. □ 

In a similar way, the “pinball principle” implies the infinite dimensional Theorem 16.111 
from finite dimensional Theorem 16.71 Theorem 16.111 is simply a rescaled variant of Theorem 

01 

Theorem 6.11. Suppose that {4>i}i£i is a Bessel sequence with bound B for a separable 
Hilbert space Pi and ||0j|| > 1 for all i. Then there exists r = 0{B) and a partition 
{/i,..., Ir} of I such that each j = 1,... ,r, is a Riesz sequence with lower bound 

Eq. Moreover, if ||0j|| = 1 for all i, then the upper bound is 

Proof. Without loss of generality we can assume that the index set / = M and ||0j|| = 1 for 
all i. For every n G M, we apply Theorem 16.71 to the Bessel sequence to obtain 

a partition {/”,... ,10} of [n] such that each subsequence {^f>i}iEi^ is a Riesz sequence 
with bounds Eq/B and The size of this partition is some fixed r = 0{B) as R —>■ 00 . 

Let {/i,..., Ir} be the partition of N obtained by applying Theorem 16.91 to the sequence of 
partitions {If ,..., If}'fLi. For any j E [r], we write Ij = {ji < 32 < ■ ■ ■}■ By Theorem 
I6.9f ii) for any k eN, {(fj ^,..., 0^^,} is a Riesz sequence with bounds £0 and Since k eN 
is arbitrary, we conclude that {0i}jgq. is a Riesz sequence with the same bounds for every 
j = l,...,r. □ 

It is also worth investigating the size of a partition if we insist on having nearly tight Riesz 
sequences. That is, Riesz sequences with bounds 1 —e and 1+e:, where £ > 0 is an arbitrarily 
small parameter. That is, we are asking for the size of partition in Conjecture that was 
shown by Casazza and Tremain [19] to be equivalent with the Kadison-Singer problem. 

Theorem 6.12. Suppose that {0i}jg/ is a unit norm Bessel sequence with bound B for a 
separable Hilbert space Pi. Then for any £ > 0 there exists a partition {R ,..., R} of I of 
size r = 0{B/e^), such that each {0i}igq, j = 1,... ,r, is a Riesz sequence with bounds 1 — e 
and 1 + e. 
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In the proof of Theorem 16.121 we will use the following lemma. The case when J = / is a 
well-known fact, see [20l Section 3.6]. For the sake of completeness we will give the proof of 
Lemma 16.131 


Lemma 6.13. Suppose {(j)i}i^i is a Riesz basis in a Hilbert space H, and let be its 

unique biorthogonal (dual) Riesz basis, i.e., 

(j)*) = 6ij forallijel. 

Then, for any subset J G I, the Riesz sequence bounds of are A and B if and only 

if the Riesz sequence bounds o/{0*}ieJ 1/B and 1/A. 


Proof. Suppose that has upper Riesz bound B. This is equivalent to the Bessel 

condition 

(6.4) for all/€W, 

ieJ 

For any sequence G P‘, there exists a unique / G "R such that 


(/, 0i) 


Oj i ^ J, 

0 otherwise. 


Since / = 06.4p we have 


ieJ 



El </•«!' 

i&J 


1 

R 


EKt 

ieJ 


Conversely, if {0*}jgj has lower Riesz bound 1/B, then fl6.4p holds and {(fi/iej has upper 
Riesz bound B. By symmetry, {0*}igj has upper Riesz bound 1/A if and only if {(f>i}i^j has 
lower Riesz bound A, which completes the proof of the lemma. □ 


Proof of Theorem \6.1A By the “pinball principle” as in the proof of Theorems 16. 101 and 16.Ill 
it suffices to restrict our attention to the finite dimensional case. 

In the first step we apply Theorem [6TT] to find a partition of size 0{B) into Riesz sequences 
with bounds Sq and Suppose that is one of these, i.e., a unit-norm Riesz 

sequence with bounds Eq and ^et be its unique biorthogonal (dual) Riesz 

sequence in H! = span{(/)j})^]^ that has bounds 1 — (5o and ^ by Lemma 16.131 In the second 
step we apply Theorem 16.11 to both of these Riesz sequences to reduce their upper Riesz 
bounds to 1 -1-e. This requires partitions of size f = 0{l/e^) since we need to guarantee that 

Now it suffices to consider a common refinement partition R,... ,Ir of size r = 0{B/e'^) of a 
partition in the first step and two partitions in the second step. For any j = 1,..., r, 
is a Riesz sequence with upper bound 1 Since is also a Riesz sequence with the 

same upper bound. Lemma [6.131 implies that has lower bound 1/(1 -1- e) > 1 — e. 

This completes the proof of Theorem 16.121 □ 
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Remark 6.14. It is an open problem what is the optimal dependence of the size of the 
partition on £. The linear dependence on B is optimal, bnt it is less clear whether one 
can rednce dependence on e from 0{l/e^) to some lower exponent. This problem is closely 
related with hnding the optimal size of partition in Anderson’s Paving Conjectnre, see [251 
Theorem 6.1]. It is known [T71 Theorem 6] that size of partition mnst be at least 0{l/e^) as 
£ —^ 0 . 


Repeating the standard argnments as in [TB] , Theorem 16.111 yields the same asymptotic 
bonnds on the size of partition for Bonrgain-Tzafriri Conjectnre. 


Theorem 6.15. There exist universal eonstants c,£o,So > 0 so that for any B > 1 the 
following holds. Suppose T : Ti ^ Ti is a linear operator with norm ||T|| < y/B and 
\\Tei\\ = 1 for all i E I, where is an orthonormal basis of a separable Hilbert space 

TL. Then, there exists a partition {/i,..., R} of the index set I of size r < cB, so that for 
all j = 1,... ,r and all choice of scalars G R we have 




a.r < 


ieij 




i£h 


< 


l-A 


E 

i&h 


As a conseqnence of onr resnlts we obtain explicit bonnds on the partition size for Fonrier 
frames. E C. [0,1] has positive Lebesgue measnre, then the collection of fnnctions (fnif) = 
e^'^^nt.^E{t), n G Z, is a Parseval frame for L‘^{E), often called a Fonrier frame. Since this 
is an eqnal norm frame, i.e., ||0n|P = l-^'l for all n G Z, Theorem 16.111 yields the following 
corollary. Moreover, by the resnlts of Lawton [25] and Panlsen [29l Theorem 1.2], the index 
sets can be chosen to be a syndetic set. Recall that / C Z is syndetic if for some hnite set 
F C Z we have 

[j(I-n) = Z. 

uGF 


Corollary 6.16. There exists a universal constant c > 0 such that for any subset E C [0,1] 
with positive measure, the corresponding Fourier frame {0n}nez can be decomposed as the 
union of r < c/\E\ Riesz seguences {<f>n}n&ij, j = H■ Moreover, each index set R can 
be chosen to be a syndetic set. 
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